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L* no v v v v v ¥ no
R v v v v @ ® Regular Expressions: Examples
Li\L2 no ¥V no v no v ? {a"wb" : w € *} = a(a U b)*b
LNR no ¥V v v &

C (R1)(Ra)* (Ry) U (Rs) @ {w : #u5(0) > 2V #4(1) <1} = (Z*0Z*0Z*) U (0* (e U1)0%)

{w: |w| mod n = m} = (aUb)™((aUb)")*
{w : #b(w) mod n = m} = (a*ba*)™ - ((a*ba*)")"

<]

(DFA) M = (Q,%,0,q0, F), 6: Q@ x X — Q.

(NFA) M = (Q,%,0,90, F), 6: Q x =, — P(Q). R {w : |w|is odd} = (a Ub)*((a Ub)(a U b)*)*
(GNFA) (@, %,68,40,42),6: Q\ {ga} x Q\ {@o} — Rexs ' If A= L(Nnra), B = (L(Mpra))" then 4 - B € REG. {w: #a(w) is odd} = b*a(ab*a U b)"

(DFAs Dy, D, ) 3DFA D s.t. |Q| = |Q1] - |Qal, {w: #4(w) = #p(w)} =eUaUbUaX*a UbE*b
L(D) = L(D;)AL(Dy). {a™b" | m + nis odd} = a(aa)*(bb)* U (aa)*b(bb)*
(DFAD)If L(D) # O then 3 s € L(D) sit. |s| < |Q|. {aw : aba ¢ w} = a(a U bbU bbb)*(b Ue)

{w:bb ¢ w} = (aUba)*(e Ub)
Pumping lemma for regular languages: A € REG = Jp:Vs € A, |s| > p, s = zyz, (i) Vi > 0,zy'z € A, (ii) |y| > 0 and (iii) |zy| < p.

{w: #4(w) = #,(w)}; s = aPb? = zyz but {fw=a¥}; k= [log,w|],s = a* = zyz.
(the following are non-reuglar but CFL) zy?z = a?tlibe ¢ L. 2k = |zyz| < |zy?2| < |zyz| + |oy|] < 2F +p < 2841
{w=wR}; s = 07107 = zyz. but zy?z = 07107 ¢ L. {w: #w(a) # #w(b)}; (pf. by '‘complement-closure', {a? : pisprime}; s =a'=zyzforprimet > p.
{a"b"}; s = aPb? = zyz, zy?z = aPtVIbP ¢ L. L ={w: #u(a) = #u(b)}) r=[y[ >0
{w: #a(w) > #s(w)}; s = a6, [s| = 2p+1 > p, {aibick : i < jVi> k}; s = aPbPHlc? = zyz, but {www : w € T*}; s = aPbaPba? = zyz = al*IT¥+mbarbard
zy’z = aP WPl ¢ I zy?z = aPtWpPtic? p+ |y > p+ 1, p+ |y < 2p. ,m >0, but zy2z = alel+2Wl+mparbarb ¢ L.

(the following are both non-CFL and non-reuglar) {a®b*a™}; s = a®bPaP = ayz = o/ mPpIPGp,

m >0, but zy?z = a?*¥p>a? ¢ L.
(PDA) M = (Q,%,1,6,00 € Q,FCQ).5:Q xX. xI' — P(QxT.). LeCFL<&3Gcg :L=L(G)< IPppp : L = L(P)

Ay o — up_quy, Where A; are new variables. Replace Fori=0,1,...,m — 1, we have (r;,b) € §(r;, w;11,a),
(CFG ~~ CNF) (1.) Add a new start variable Sy and a terminals u; with U; — u;. where s; = at and s;,; = bt for some a,b € T, and
rule So — S. (2.) Remove e-rules of the form A — ¢ If G € CNF, and w € L(G), then |w| < 2" — 1, where h tel* 3.)r,cF.
(except for So — ¢). and remove A's occurrences on is the height of the parse tree for w. (PDA transition) "a,b — c": reads a from the input (or
the RH of a rule (e.g.: R — uAvAw becomes VL € CFL,3G € CNF : L = L(G). read nothing if a = ¢). pops b from the stack (or pops
R — vAvAw | uAvw | wwAw | uwvw. where (derivation) S = u1 = us = - - = u, = w, where nothing if b = ¢). pushes c onto the stack (or pushes
uv,w € (VUE)®). (3.) Remove unitrules A — Bthen | gach v, is in (V UX)*. (in this case, G generates w (or.  nothing if ¢ = ¢)
whenever B — u appears, add A — u, unless this was S derives w), S 2 w) ReREGAC € CFL = RN C e CFL. (pf. construct
a unit rule previously removed. (u € (V U X)%). (4.) M accepts w € S if there is a S€q. 7o, 7y, ..., € Q PDA P’ = Py x Dpg.)

Replace each rule A — wjus - - - ur where k > 3 and
u; € (VUZX), with the rules A — u1 A1, A1 — u24o, ...,
(CFG)G = (V,%,R,S), A w,(AcV,we (VUX)*); (CNF) A - BC,A —a,S — ¢, (A,B,CcV,acX,B,C#S5).

and sg,,S81,...,8, € I'*s.t.: (1.) 7o = go and sq = ¢; (2.)

{w: #,(a)=2-#,0)}; {aibick |i+j=k}; S — aSc| X; X — bXc|e
the following are CFL but non-reuglar: S — 55|8,bS,|bSaalaaShle; S; — aS|SS, {abick | i< jVj<k}; S— S1C| AS3;A — Aa|e;
{w: #u(a) # #u(0)} = {#u(a@) > #u(0)} U {#ule) < #u(b)} 51— aSib| S1b | ;82 — bSac | Sac | e;C — Cc e
{wrw=wR} S —aSa|bSb|a|b]|e {a"b"}; § — XbXaX | A| B; A — aAb | Ab | b; {aibick | i=jVj=k}
{w:w#wR}; 8 — aSa | bSb| aXb | bXa;X — aX|bX|e B—aBb|aB|a; X —aX | bX | . S — AX1|X,C; X1 — bX cle; Xy — aXoble; A — adle; C
{wwR} = {w:w=wR A|w|iseven}; S — aSa | bSb | e {a"b™ | n # m}; S — aSb|A|B; A — aAl|a; B — bB|b {zy: |zl =yl,.z #y}; S — AB| BA;
{wa"wR}; § — aSa | bSb| M; M — aM | & {z|z#ww);S— A| B| AB| BA; A — CAC | 0; A—alada|adb|bAa|bAb;
{wiz : wR C z}; S — AX; A — 040 | 141 | #X; B— CBC|1;,C—0]1 B—b|aBa|aBb|bBa |bBYb;
X 50X |1X|e {a"™ | m < n < 3m}; S — aSb | aaSb | aaah | ; the following are both CFL and regular:
{w: #u(a) > #u(®)}; S = Ja;J — JJ |aJb|bJa|a|e {a™"};S — aSb|e {w:#y(a) 23} 5§ = XaXaXaX; X — aX [ X | e
{w: #u(a) > #,()}; 8 — SS | aSh| bSa | a| e {a"™ | n>m}; S — aSh|aS | a {w: |w|is odd}; S — aaS | abS | bbS | baS | a | b
{w: #u(a) = #u(b)}; S — SS | aSh | bSa | € {a"" |n>m>0};S—aSh|aS|ale {w: [w]is even}; § — aaS | abS | bbS | baS | €
;98— S
Pumping lemma for context-free languages: L € CFL. = 3p: Vs € L, |s| > p, s = uvzyz, (i) Vi > 0,uvizy'z € L, (ii) Jvzy| < p, and (iii) jvy| > 0.
{ww: w e {a,b}*}; L = {wwRw: w € {a,b}*}
{w = ab"c"}; s = aPbPbP = uwvzyz. vry can't contain all (more example of not CFL) {w | #w(a) = #w(b) = #uw(c)}: (pf: since
of a, b, c thus wv?zy?z must pump one of them less than {aibick | 0 < i < j <k}, {a"b"c" | n € N}, Regular N CFL € CFL, but
the others. {ww | w € {a,b}*}, {a”" | n > 0}, {a? | p is prime}, {a*b*c*} N L = {a"b"c"} ¢ CFL)

L € Turing-Decidable <= (L € Turing-Recognizable and I € Turing—Recognizable) <= 3 M) decides L,

(decider) TM that halts on all inputs. f:X* — X*is computable if IMty : Vw € X*, M halts
(TM) M = (Q, i"at cn L, d,490,9@,9r), Wwhere U € T, (Rice) Let P be a lang. of TM descriptions, s.t. (i) P is on w and outputs f(w) on its tape.
UES qu#q@ 0:QxT — QxT x {LR} nontrivial (not empty and not all TM desc.) and (ii) for If A<, Band B € TD, then A € TD.
(Turing-Recognizable (TR)) @ if w € L, Rl/loops if each two TM M; and M, we have If A<, Band A ¢ TD, then B ¢ TD.
w ¢ L; Ais co-recognizable if 4 is recognizable. L(My) = L(Mz) = (M) € P = (My) € P). If A<n Band B € TR, then A € TR.

Then P is undecidable. (e.g. INFINITEtwm, ALLtwm, If A<, Band A ¢ TR, then B ¢ TR.

LeTR < L <y Atm. Brw, {(Mrw) : 1 € L(M)})

; ; : (transitivity) If A <, Band B <., C, then A <,, C.
Every inf. recognizable lang. has an inf. dec. subset. {all TMs} is count.; £* is count. (finite X; {all lang.} is

. . . . A<uB <> A<, B(ESP. A<n A < A<n A
(Turing-Decidable (TD)) @ if w ¢ L, Rlifw ¢ L. uncount.; {all infinite bin. seq.} is uncount. - - (esp. A < <m 4)
LeTD <« L®cTD. If A<, Aand A € TR, then A € TD
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FINITE ¢ REGULAR C CFL C CSL C Turing-Decidable C Turing-Recognizable

(unrecognizable) Ay, EQry, EQcrc, HALTry,
REGtm, Etm, EQryy ALLcrg, EQepg

(recognizable but undecidable) Atvm, HALTtm,
EQcre, B, {{M,k) | 3z (M(z) haltsin > k steps)}
(decidable) Apra, Anra, Arexs Epras EQpra, Acres
Ecre, Aiga, ALLpea, Aecrc = {(G) | € € L(G)}
Examples of Recognizers:

EQcrc: "On (G, G,): for each w € T* (lexico.): Test (by
Acrg) whether w € L(G,) and w ¢ L(G,) (vice versa), if
so @; O/W, continue"

Examples of Deciders:

INFINITEpra: "On n-state DFA (A): const. DFA B s.t.
L(B) = ©2"; const. DFA C s.t. L(C) = L(A) N L(B); if
L(C) # 0 (by Eora) @; O/W, RI"

{(D) | 7w € L(D) : #;(w) is odd}: "On (D): const. DFA
As.t. L(A) = {w]| #,(w) is odd}; const. DFA B s.t.
L(B) = L(D) N L(A); if L(B) = 0 (Epra) ®; O/W [RI"
{(R,S) | R, S are regex, L(R) C L(S)}: "On (R, S):
const. DFA D s.t. L(D) = L(R) N L(S); if L(D) = 0 (by
Epra), ®; O/W, RI"

{(Dpka, Rrex) | L(D) = L(R)}: "On (D, R): convert R
to DFA Dy; if L(D) = L(Dy) (by EQpra), ®; O/W, RI"
{{Dora) | L(D) = (L(D))®}: "On (D): const. DFA D¥
st L(D®) = (L(D))%; if L(D) = L(D) (by EQora).

Q; O/W, R]"

{{M,k) | 3z (M(z) runs for > k steps)}: "On (M, k):
(foreach w € B=F*1: if M(w) not halt within  steps, @);
ow, RI"

{(M,k) | 3z (M(x) halts in < k steps)}: "On (M, k):
(foreach w € Z=k+1: run M(w) for < k steps, if halts,
Q) o/w, R

{(Mpra) | L(M) = £*}: "On (M): const. DFA

MC = (L) if LM = 0 (by Eora), @; O/W [RL."
{(Rgex) | 3s,t € T* : w = s111t € L(R)} : "On (R):
const. DFA D s.t. L(D) = £*111%*; const. DFA C' s.t.
L(C) = L(R) N L(D); if L(C) # 0 (Epra) @; O/W RI"

Mapping Reduction (from Ato B): A <p Bif3f:%* - £*:Vw € £*, we A < f(w) € Band f is computable.

Arw <w {(Mru) | L(M) = (L(M))?};

F((M,w)) = (M'), where M' ="On x, if z ¢ {01, 10},
[R]; if z = 01, return M(z); if z = 10, @;"

Atm <m L= {<%7 DQA> | L(M) = L(D)};

f((M,w)) = (M', D), where M' ="On z: if = w return
M(z); O/W, [R];" D is DFAs.t. L(D) = {w}.

A <y HALT7wm; f(w) = (M, €), where M ="On z: if
w € A, halt; if w ¢ A, loop;"

Ay < CFLyy = {(M) | L(M) is CFL};

F((M,w)) = (N), where N ="On z: if z = a"bmc", @;
O/W, return M(w);"

A<pm B={0w:wec A} U{lw: w ¢ A}; f(w) = Ow.
Aty Sw HALTrv; f((M,w)) = (M',w), where M' =
"On z: if M(x) accepts, (AN rejects, loop"

HALTt™M <m Atm; f((M,w)) = <M', (M, w)), where

M’ ="On (X, z): if X(z) halts, @;"

Etvm <m USELESStv; f((M)) = (M, q@)

Etv <m EQrum; f((M)) = (M, M'), M’ ="On z: RI"
Amm <m REGULARry; f((M,w)) = (M"), M’ ="On
z € {0,1}*: if z = 0"1", @; O/W, return M(w);"

Atv <m EQrv;  f((M,w)) = (M, Mz), where My =
"@ all"; M, ="On z: return M (w);"

Arm <w BQrvi;  f({M,w)) = (My, My), where M, =
"Rl all"; M, ="On z: return M (w);"

ALLcre <m EQerg; f((G)) = (G, H), st. L(H) = T*.
A S {{Mrw) : [L(M)| =1} f((M,w)) = (M),
where M’ ="On z: if 2 = z, return M(w); O/W, [R;"
(where z, € X+ is fixed).

Aty <m Em; f((M,w)) = (M), where M’ ="On z: if
z # w, [Rl; O/W, return M (w);"

HALTTM <w { (MTw) : [L(M)| < 3}; f((M,w)) = (M),
where M’ ="On z: @ if M (w) halts"

HALTry <y {(Mry) : [L(M)| > 3}; f((M,w)) = (M),
where M’ ="On z: @ if M(w) halts"

HALTtv <m { (Mtm) : M @ all even num.};

F({M,w)) = (M'), where M’ ="On z: R] if M(w) halts
within |z|. O/W, @"

HALTt™ <m { <MTw|> : L(M) is finite};

F({M,w)) = (M), where M’ ="On z: @ if M(w) halts"

HALTt™ <m { <MTw|> : L(M) is infinite};

f({M,w)) = (M'), where M’ ="On z: R] if M(w) halts
within |z| steps. O/W, @"

HALT7y <m { (M1, Ma) : € € L(M;) U L(M3)};
FUM,w)) = (M',M'), M’ ="On z: @ if M(w) halts"
HALTtm <m ETm; f((M,w)) = (M'), where M’ ="On
z: if z # w R]; else, @ if M(w) halts"

HALTty <p { (M1m) | 3z : M(z) haltsin > [(M)| steps
Ff((M,w)) = (M'"), where M' ="On z: if M(w) halts,
make [(M)| + 1 steps and then halt; O/W, loop"

P = Usen TIME(n*) € NP = e NTIME(n¥) = {L | L is decidable by a PT verifier} D NP-complete = {B | B € NP,VA € NP, A <p B}.

(verifier for L) TM V s.t. L = {w | 3c: V({(w,c)) = @};
(certificate for w € L) str. ¢ s.t. V((w,c)) = @.

f:3* — X* is PT computable if there exists a PT TM
M s.t. for every w € £*, M halts with f(w) on its tape.

If A<y Band B € P, then A € P.

A=p Bif A<p Band B <p A. =p is an equiv. relation
onNP. P\ {0,%*}is an equiv. class of =p.

ALLoga, CONNECTED, TRIANGLE, L(Gcxc),
-clique
directed

RELPRIME, PA It"’H cP
5

CNF, € P: (algo. Vz € ¢: (1) If z occurs 1-2 times in
same clause — remove cl.; (2) If z is twice in 2 cl. —

remove both cl.; (3) Similar to (2) for z; (4) Replace any

(z Vy), (mzV 2) with (y V 2); (y, 2 may be ¢); (5) If
(z) A (—z) found, [R]. (6) If ¢ = ¢, ;)

CLIQUE, SUBSET-SUM, SAT, 3SAT, COVER,
HAMPATH, UHAMATH, 3COLOR € NP-complete.
0,%* ¢ NP-complete.

If B € NP-complete and B € P, then P = NP.

If Be NPCand C € NP s.t. B<p C, then C € NPC.
If P = NP, then VA € P\ {0, 5"}, A € NP-complete.

Polytime Reduction: A <p Bif 3f: ¥* - X*:Vw € ¥*, w € A <= f(w) € B and f is polytime computable.

SAT <p DOUBLE-SAT; f(¢)=¢A(zV )

3SAT <p 4SAT; f(¢) = ¢', where ¢’ is obtained from
the CNF ¢ by adding a new var. z to each clause, and
adding a new clause (—z V -z V =z V —z).

8SAT <p CNF3; f((¢)) = ¢'. f #4(z) = k > 3, replace
z With z,...z, and add (z; V zy) A -+ A (T V 1)
SUBSET-SUM <p SET-PARTITION,;
f{z1,...,zm,t)) = (z1,...,2Zm, S — 2t), where S sum
of z1,...,zm, and t is the target subset-sum.

almost
3COLOR <p 3COLOR; f((G)) = (G"), G' = GUK,

VERTEX
COVERy, <p WVC; f((G,k)) = (G,w, k),Vv € V,w(v) =1

(dir.) HAM-PATH <p 2HAM-PATH;

f(G,s,t)) = (G, s, t'), V' =V U{s,t, a,b,cd},
E'=EU{(s',a), (a,b), (b,s)} U{(s,d), (b,a), (a,s)}
U{(t,c), (c,d), (d, ")} U{(t,d), (d,¢c), (c,t)}-

A <, B, B€ REGULAR, A ¢ REGULAR: A = {0"1"}
,B={1}, f: A= B, f(w)=1lifwe A,0ifw ¢ A.
LeCFL,L ¢ CFL: L = {z | z # ww}, L = {ww}.
L1,Ly € CFL, L, N Ly ¢ CFL: L; = {a"b"c™},

L, = {a™b"c"}, L, N Ly = {a™b"c"}.

Ly,Ly ¢ CFL, L1 N Ly € CFL:

L1 = {a"b"c"}, L2 = {c"b"a"}, L1 N L2 = {e}

L, € CFL, L, is infinite, L, \ L, # REGULAR :

L, =%* Ly ={a™"}, L, \ Ly = {a™b" | m # n}.

(undir.) CLIQUE,, <p HALF-CLIQUE,

[V|/2-clique
FUG = (V,E),k)) = (G' = (V!B if k=L E=F',
V' =V.ifk> 54l V' = VU {j= 2k —|V| new nodes}.
ifk < J%-, V' =V U{j=|V| — 2k new nodes} and
E' = E U {edges for new nodes}
HAM-PATH <p HAM-CYCLE; f((G,5,1)) = (G, 5,1),
V' =VU{z}, E'= EU{(t,2),(z,9)}
HAM-CYCLE <p UHAMCYCLE; f((G)) = (G'). For
each u,v € V: u is replaced by win, wmid, Uout; (v, u)
replaced by {vout, win}, {tin, umid}; and (u, v) by
{tout, Vin }, {Umid, Yout }-

UHAMPATH <p PATH-y; f((G,a,b)) = (G,a,b,k = |V| — 1)

VERTEX c C
COVER <, CLIQUE; f{((G,k)) = (G" = (V,E),|V| — k)
CLIQUE, <p {(G,t) : G has 2t-clique};

fUG,k) = (G',t = [k/2]), G' = G if kis even;

Examples
L;,L, € REGULAR, L; ¢ Ly, Ly ¢ L, but,
(LyULy)*=L{ULs: Ly = {a,b,ab}, Ly = {a,b,ba}.
Li,L1 ULy € REGULAR, L2, L1 N Ly ¢ REGULAR,
L1y = L(a*p*), Ly = {a"b" | n > 0}.
Ly, Ly,--- € REGULAR, U, L; ¢ REGULAR :
Li = {av'}, U, Li = {a"d" | n > 0}.
Li-L> € REGULAR, L; ¢ Reg. : L1 = {a"b"}, L = *
L,eCFL,and L, C Ly,but L, ¢ CFL: X = {a,b,c},
Ly = {a™"c" | n > 0}, Ly = X*.
Li,Ly e TD,and L1 C L C Ly, but L¢ TD: L; =0,
Ly = ¥*, L is some undecidable language over X.

G' = G U {v} (v connected to all G nodes) if k is odd.

almost
CLIQUE, <p CLIQUE; f((G,k)) = (G',k +2),
G' = G U {vn+1,Vn+2}; n+1,vn42 @re con. to all v

VERTEX
COVER), <p DOMINATING-SET;;

f((G,k)) = (G', k), where
V' = {non-isolated nodes in V} U {v, : e € E},
E' = EU{(v,,u), (ve,w) : e = (u,w) € E}.

CLIQUE <p INDEP-SET: f((G, k)) = (G%, k)

VERTEX SET
COVER <p c;gggzz ={3CCS, |C] <k, UpecA=U};

f(G,k)) = U=E,S={S1,...,5:},k), where n = |V|
, Su = {edges incident to u € V}.

VERTEX
INDEP-SET <p COVER; f((G,k)) = (G,|V| — k)
VERTEX
COVER <p INDEP-SET:; f((G,k)) = (G, |V| — k)

L, € REGULAR, L, ¢ CFL, but L; N L, € CFL:
Ly = {e}, Ly = {a™b"c" | n > 0}.

L* € REGULAR, but L ¢ REGULAR :

L = {a? | pis prime}, L* = ¥* \ {a}.
A¢mA:A=AmeTR, A=A ¢ TR

A ¢DEC., A <n A: f(0z) = 1z, f(1y) = Oy,
A={w|Izc Atm:w=0zVIyec Amm :w = 1y}

L € CFL,LN LR ¢ CFL: L = {a"b"a™}.

A<y B,Btn A: A={a},B= HALTtw, f(w) = (M),
M ="On z, ifw € A, @; O/W, loop"



